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Two questions

• Are wealthier individuals less risk averse?
• Are less risk averse individuals prone to riskier investment decisions and do they
choose riskier portfolios?
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Why do these questions matter?

• In Capital in the Twenty-First Century (2014), Thomas Piketty describes the
growing concentration of wealth among the very few and proposes a global
coordinated wealth tax to counter the heavily skewed distribution

• Population ageing could change the distribution of wealth towards older
generations, with more conservative investment preferences
• Do changes in the distribution of wealth affect the distribution of risk
aversion, and hence aggregate portfolio choice?
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Risk aversion and wealth: introduction (1)

• Wealthier individuals may show increased participation on the stock market, and
may hire professional investors to act on their behalf
• The equity premium puzzle (Mehra and Prescott 1985) refers to excess returns
on stocks over the past century being much higher than returns on government
bonds

• Paiella (2004) finds that representative stockholding agents are less risk averse
than representative agents, and shows that the equity risk premium is more
realistic when stockholding investors are considered instead
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Risk aversion and wealth: introduction (2)

• The equity return in excess of the market is dependent on the definition of the
market portfolio
• What is the market portfolio when the distribution of risk aversion is conditional
on the distribution of individual wealth?
• Brennan (1971) recognises the effect of heterogeneous preferences on the
excess returns of a security, and allows for investors facing different borrowing
and lending rates. He finds that investors would hold vastly different portfolios
• We derive the optimal market portfolio in a universe of heterogeneous
investors with a distribution of risk aversion conditional on the distribution
of wealth, and show the impact on the equity risk premium
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Roadmap

• Brief discussion of main concepts
• Theoretical framework

• Empirical results
• Concluding remarks and recommendations
• Discussion
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Decreasing absolute risk aversion

• Risk aversion determines the optimal portfolio for an agent (Sharpe 1978)
• The absolute risk aversion (𝜆) of an agent is determined by the shape of their
utility function U(W) and captured by the Arrow-Pratt measure

source: policonomics.com
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Decreasing absolute risk aversion

• ARA is constant in wealth (CARA) in most models, but models could allow for
decreasing or increasing absolute risk aversion (DARA and IARA respectively)
• Paiella (2004) and Coen-Pirani (2004) both find evidence of DARA in financial
markets under most parameter values
• The joint distribution of risk aversion and wealth can be written as follows:
1
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Theoretical framework – risk aversion

Risk Aversion
source: Muijsson and Satchell (2016)
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Probability

Theoretical framework – wealth proportions

Wealth Proportion
source: Muijsson and Satchell (2016)
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The Markowitz portfolio

• Main method to derive the optimal portfolio consisting of a set of securities by
selecting an optimal allocation based on a risk-return tradeoff
• The optimal portfolio weights are a direct function of the covariances of the set of
securities, their market exposure, and investor risk aversion
Σ −1 (𝜇 − 𝑟𝑓 ) Σ −1 (𝜇 − 𝑟𝑓 )
=
• The vector of optimal portfolio weights is 𝜙 =
𝛽 − 𝑟𝑓 𝛾
𝜆
• Here, 𝜇 is a vector of mean asset returns with covariance matrix Σ , and it can be
shown that the denominator is equal to the coefficient of ARA, 𝜆 .
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The Markowitz portfolio

Return

Markowitz portfolio
under rate b

Markowitz portfolio
under rate l

Risk
source: Muijsson and Satchell (2016)
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The equity risk premium

• The risk premium is related to the mean portfolio return (𝜇𝑚 ) and risk aversion:
𝑟𝑖𝑠𝑘 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 = 𝜇𝑚 − 𝑟𝑓
• The cost of capital is similarly affected by the mean portfolio return:
𝑐𝑜𝑠𝑡 𝑜𝑓 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 = 𝑟𝑓 + 𝛽𝑖 𝜇𝑚 − 𝑟𝑓
• There is an incentive to increase the cost of capital to justify increasing dividends:
𝑟=

𝐷(= 𝑄𝑑 ∗ 𝑃𝑑 )
𝑟𝑓 + 𝛽 𝜇𝑚 − 𝑟𝑓
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Theoretical framework – risk aversion

• Risk aversion drives portfolio choice
• Distinguish two types of portfolios: borrowing and lending

• Borrowing and lending investors have different interest rates, 𝑟𝑏 and 𝑟𝑙
• Borrowing investors go short on cash and invest in equity, while lending investors
go long in both cash and equity.

• Mixed portfolios are possible
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Return

Theoretical framework – multiple optimal portfolios

Risk
source: Muijsson and Satchell (2016)
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Theoretical framework – investor types

• Distinct borrowing and lending portfolios, where 𝑟𝑏 > 𝑟𝑙 :
𝜙𝑏 =

Σ−1 (𝜇−𝑟𝑏 𝑖)
𝛽−𝑟𝑏 𝛾

and 𝜙𝑙 =

Σ−1 (𝜇−𝑟𝑙 𝑖)
𝛽−𝑟𝑙 𝛾

• Investors are distributed in three categories (lending, mixed, borrowing) based on
their absolute risk aversion
• Theorem 1: boundary conditions
𝜆 ≥ 𝛽 − 𝑟𝑙 𝛾
𝑙𝑒𝑛𝑑𝑖𝑛𝑔 𝑖𝑛𝑣𝑒𝑠𝑡𝑜𝑟
𝛽 − 𝑟𝑏 𝛾 < 𝜆 < 𝛽 − 𝑟𝑙 𝛾
𝑚𝑖𝑥𝑒𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑜𝑟
𝜆 ≤ 𝛽 − 𝑟𝑏 𝛾
𝑏𝑜𝑟𝑟𝑜𝑤𝑖𝑛𝑔 𝑖𝑛𝑣𝑒𝑠𝑡𝑜𝑟
• The market portfolio should reflect equity wealth shares of investors and their
portfolios based on the risk aversion shares
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Theoretical framework – weighted market portfolio

• Theorem 2: the aggregate cash position is 𝑐1 + 𝑐2 , and the market portfolio is:
𝑀 = 𝑎1 + 𝑎2 𝜙𝑙 + 𝑏1 + 𝑏2 𝜙𝑏

• The shares are determined from a distribution:
𝑎1 =

∞
1 𝛽−𝑟𝑙 𝛾
𝑝𝑑𝑓
𝛽−𝑟𝑙 𝛾 0
𝜆

𝑎2 =

𝛽−𝑟𝑙 𝛾 1 𝛽−𝑟𝑙 𝛾
𝛽−𝑟𝑏 𝛾 0 𝛾 𝑟𝑏 −𝑟𝑙

𝑏1 =

𝛽−𝑟𝑙 𝛾 1
1
𝛽−𝑟𝑏 𝛾 0

𝑏2 =

𝛽−𝑟𝑏 𝛾 1 𝛽−𝑟𝑏 𝛾
𝑝𝑑𝑓
0
0
𝜆

−

𝜔, 𝜆 𝑑𝜔𝑑𝜆

1−

𝛽−𝑟𝑙 𝛾
𝛾 𝑟𝑏 −𝑟𝑙

𝛽−𝑟𝑏 𝛾
𝜆

1−

𝑝𝑑𝑓 𝜔, 𝜆 𝑑𝜔𝑑𝜆

𝛽−𝑟𝑏 𝛾
𝜆

𝑝𝑑𝑓 𝜔, 𝜆 𝑑𝜔𝑑𝜆

𝜔, 𝜆 𝑑𝜔𝑑𝜆

17

Theoretical framework – distributions

• The cash position is 𝑐1 + 𝑐2 , the market portfolio is 𝑀 = 𝑎1 + 𝑎2 𝜙𝑙 + 𝑏1 + 𝑏2 𝜙𝑏
• Wealth is a sum of equity and cash holdings for each type of investor:

Lending investor wealth (long in cash and equity): 𝑒1 = 𝑎1 + 𝑐1
Mixed investor wealth (long in both portfolios): 𝑒2 = 𝑎2 + 𝑏1
Borrowing investor wealth (long in equity, short in cash): 𝑒3 = 𝑏2 + 𝑐2
• The choice of distribution influences the investor type and wealth shares:
Conditional beta distribution:

𝑝𝑑𝑓 𝜔 𝜆 =

Bivariate lognormal distribution:

𝑝𝑑𝑓 𝜔, 𝜆 =

Γ 𝛿 𝜆 +𝜈 𝜆
Γ 𝛿 𝜆 Γ 𝜈 𝜆
1
2𝜋𝜎𝜔 𝜎𝜆 1−𝜌

𝜔𝛿

𝜆 −1

exp − 2
2

1 − 𝜔𝜈

𝜆 −1

2
1−𝜌2

• Correlation determines the result in both distributions
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Theoretical framework – distributions

Beta Density Function

Gamma Density Function

source:Wikipedia graphs
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Data Description
• Annualized daily returns from January 1995 until December 2004 for five
major indices: AEX, DAX, FTSE, NKY, S&P
• One year LIBOR as risk free rate

source: Muijsson and Satchell (2016)
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Results 1: optimal portfolios
• The Markowitz and lending portfolio are equivalent in this case, as the
lending rate is LIBOR and the gap between the borrowing and lending
rate is 2.5%
• As expected, there are no short positions in the lending portfolio
• The borrowing portfolio goes short on the FTSE during this period
• The market portfolio for negative correlation conditional beta is a mix of
the two portfolios

source: Muijsson and Satchell (2016)
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Results 2: portfolio proportions when ρ < 0
• The conditional beta distribution is calibrated to have a correlation of -0.40
• The share of lending investors is 57.8%, they hold 66.8% of wealth
• Mixed investors are 11.5% of the total, and hold 9.7% of total wealth

source: Muijsson and Satchell (2016)
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Results 2: portfolio proportions when ρ > 0
• The conditional beta distribution is calibrated to have a correlation of 0.76
• The share of lending (borrowing) investors is 58.4%, they hold 63.6% of wealth
• Mixed investors are 9.4% of the total, and hold 10.2% of total wealth
• Mixed investors are better off when correlation is positive!

source: Muijsson and Satchell (2016)
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Results 3: professional investor universe

source: Muijsson and Satchell (2016)

• Mixed investors are better off when correlation is negative!
• Effect depends on whether lending investors form the largest share in market
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Results 4: bivariate lognormal correlation cases

source: Muijsson and Satchell (2016)
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Results 5: market portfolios for all cases
• The market portfolios are highly dependent on the correlation, choice of
distribution and the share of investor types in the market

• Particularly the conditional beta specification is sensitive to correlation
• The market portfolio with the shortest position is for the negative conditional beta

source: Muijsson and Satchell (2016)
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Results 6: equity risk premium for all cases
• The mean portfolio returns for the heterogeneous cases are significantly higher
than the mean returns on the Markowitz portfolio
• The equity risk premium for LIBOR (lending rate) ranges from 7.5% and 9.2%,
while the borrowing rate ERP ranges from 5.1% and 6.7%
• The mixed rate is determined based on investor shares, and leads to a more
robust result

source: Muijsson and Satchell (2016)
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Concluding remarks and discussion

• The distribution of risk appetite determines the market portfolio
• Investor relative wealth depends on the correlation between risk aversion and
wealth
• When lending investors dominate the market, investors that invest in both the
borrowing and lending portfolio are better off in terms of their wealth share when
wealth is decreasing in absolute risk aversion
• The equity risk premium is far more robust and consistent with empirical
evidence when it is calculated with an interest rate that is weighted by investor
type proportions
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